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Summary

We argue that the deep origin of the Lorentz covariance resides in
symmetries acting on the quantum level. The anticommutation
relations resulting from Pauli’s exclusion principle engender the
SL(2, C) symmetry in the Hilbert space of two-fermion states,
while cubic ternary generalization of the exclusion principle leads
to a Z3 covering of the Lorentz group engendering also the SU(3)
color symmetry. We show how the Z3-Lorentz symmmetry
intertwined with the SU(3) symmetry group is implemented in a
generalized Dirac equation for colored quarks.
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Of matter, time and space

» The three realms of Physics
Since the advent of modern physics, the description of the
world surrounding us is based on three essential realms, which
are
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world surrounding us is based on three essential realms, which
are

» Space and time
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Of matter, time and space

» The three realms of Physics
Since the advent of modern physics, the description of the
world surrounding us is based on three essential realms, which
are

» Space and time

» Material bodies
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Of matter, time and space

» The three realms of Physics
Since the advent of modern physics, the description of the
world surrounding us is based on three essential realms, which
are

» Space and time
Material bodies

» Forces acting between them

v
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Fundamental relationship

» Newton’s third law of dynamics

a=—F. (1)

1
m
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Fundamental relationship

» Newton’s third law of dynamics

a:%F. (1)

» shows the relation between three different realms which are
dominant in our perception and description of physical world:
massive bodies (m), force fields responsible for interactions
between the bodies ("F”) and space-time relations defining
the acceleration ("a”).
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Three realms

» The same three ingredients are found in physics of
fundamental interactions: we speak of elementary particles
and fields evolving in space and time.
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Three realms

» The same three ingredients are found in physics of
fundamental interactions: we speak of elementary particles
and fields evolving in space and time.

» we deliberately wrote

a:%F. (2)

in order to separate the directly observable entity ( a) from
the product of two entities whose definition is much less
direct and clear.
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Causal relationship

» Also, by putting the acceleration alone on the left-hand side,
we underline the causal relationship between the phenomena:
the force is the cause of acceleration, and not vice versa.
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Causal relationship

» Also, by putting the acceleration alone on the left-hand side,
we underline the causal relationship between the phenomena:
the force is the cause of acceleration, and not vice versa.

» In modern language, the notion of force is generally replaced
by that of a field.
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Causal relationship

» Also, by putting the acceleration alone on the left-hand side,
we underline the causal relationship between the phenomena:
the force is the cause of acceleration, and not vice versa.

» In modern language, the notion of force is generally replaced
by that of a field.

» The fact that the three ingredients are related by the
equation (1) may suggest that perhaps only two of them are
fundamentally independent, the third one being the
consequence of the remaining two.

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Introduction
0000@000000

Three aspects

The three aspects of theories of fundamental interactions can be
symbolized by three orthogonal axes, as shown in following figure,
which displays also three choices of pairs of independent properties
from which we are supposed to be able to derive the third one.

Fields

Particles

Figure: The three realms of Physics
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Three types of theories

» The attempts to understand physics with only two realms out
of three represented in (7) have a very long history. They may
be divided in three categories, labeled /, // and //I in the
Figure.
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Three types of theories

» The attempts to understand physics with only two realms out
of three represented in (7) have a very long history. They may
be divided in three categories, labeled /, // and /// in the
Figure.

» In the category / one can easily recognize Newtonian physics,
presenting physical world as collection of material bodies
(particles) evolving in absolute space and time, interacting at
a distance. Newton considered light being made of tiny
particles, too; the notion of fields was totally absent.
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Three types of theories

» Theories belonging to the category // assume that physical
world can be described uniquely as a collection of fields
evolving in space-time manifold. This approach was
advocated by lord Kelvin, Einstein, and later on by Wheeler.
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Three types of theories

» Theories belonging to the category // assume that physical
world can be described uniquely as a collection of fields
evolving in space-time manifold. This approach was
advocated by lord Kelvin, Einstein, and later on by Wheeler.

> As a follower of Maxwell and Faraday, Einstein believed in the
primary role of fields and tried to derive the equations of
motion as characteristic behavior of singularities of fields
evolving in space-time.
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Three types of theories

» The category /// represents an alternative point of view
supposing that the existence of matter is primary with respect
to that of the space-time, which becomes an “emergent”
realm - an euphemism for “illusion”. Such an approach was
advocated recently by N. Seiberg and E. Verlinde.
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Three types of theories

» The category /// represents an alternative point of view
supposing that the existence of matter is primary with respect
to that of the space-time, which becomes an “emergent”
realm - an euphemism for “illusion”. Such an approach was
advocated recently by N. Seiberg and E. Verlinde.

P It is true that space-time coordinates cannot be treated on
the same footing as conserved quantities such as energy and
momentum; we often forget that they exist rather as
bookkeeping devices, and treating them as real objects is a
“bad habit”, as pointed out by D. Mermin.
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Three types of theories

» Seen under this angle, the idea to derive the geometric
properties of space-time, and perhaps its very existence, from
fundamental symmetries and interactions proper to matter’s
most fundamental building blocks seems quite natural.
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Three types of theories

» Seen under this angle, the idea to derive the geometric
properties of space-time, and perhaps its very existence, from
fundamental symmetries and interactions proper to matter’s
most fundamental building blocks seems quite natural.

> Many of those properties do not require any mention of space
and time on the quantum mechanical level, as was
demonstrated by Born and Heisenberg in their version of
matrix mechanics, or by von Neumann’s formulation of
quantum theory in terms of the C* algebras.
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Three types of theories

» Seen under this angle, the idea to derive the geometric
properties of space-time, and perhaps its very existence, from
fundamental symmetries and interactions proper to matter’s
most fundamental building blocks seems quite natural.

> Many of those properties do not require any mention of space
and time on the quantum mechanical level, as was
demonstrated by Born and Heisenberg in their version of
matrix mechanics, or by von Neumann’s formulation of
quantum theory in terms of the C* algebras.

» The non-commutative geometry is another example of
formulation of space-time relationships in purely algebraic
terms.
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Three types of theories

» In what follows, we shall choose the last point of view,
according to which the space-time relations are a consequence
of fundamental discrete symmetries which characterize the
behavior of matter on the quantum level.
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Three types of theories

» In what follows, we shall choose the last point of view,
according to which the space-time relations are a consequence
of fundamental discrete symmetries which characterize the
behavior of matter on the quantum level.

P In other words, the Lorentz symmetry observed on the
macroscopic level, acting on what we perceive as space-time
variables, is an averaged version of the symmetry group acting
in the Hilbert space of quantum states of fundamental
particle systems.
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Of matter and space-time

P> Extending the Lorentz transformations to space and time
coordinates modified also Newtonian mechanics so that it
could become invariant under the Lorentz instead of the

Galilei group.
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Of matter and space-time

P> Extending the Lorentz transformations to space and time
coordinates modified also Newtonian mechanics so that it
could become invariant under the Lorentz instead of the
Galilei group.

P In the textbooks introducing the Lorentz and Poincaré groups
the accent is put on the transformation properties of space
and time coordinates, and the invariance of the Minkowskian
metric tensor g, = diag(+,—, —, —).
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Of matter and space-time

P> Extending the Lorentz transformations to space and time
coordinates modified also Newtonian mechanics so that it
could become invariant under the Lorentz instead of the
Galilei group.

P In the textbooks introducing the Lorentz and Poincaré groups
the accent is put on the transformation properties of space
and time coordinates, and the invariance of the Minkowskian
metric tensor g, = diag(+,—, —, —).

» But neither the components of g,,, nor the space-time
coordinates can be given an intrinsic physical meaning; they
are not related to any conserved or directly observable
quantities, contrary to w and k.
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» Under a closer scrutiny, ALL INFORMATION about physical
world is conveyed to us EXCLUSIVELY by photons.
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» Under a closer scrutiny, ALL INFORMATION about physical
world is conveyed to us EXCLUSIVELY by photons.

P All acts of observation to which we have access reduce at the
end of the experimental chain to PHOTONS interacting with
ELECTRONS (or other leptons, or baryons).
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» Under a closer scrutiny, ALL INFORMATION about physical
world is conveyed to us EXCLUSIVELY by photons.

P All acts of observation to which we have access reduce at the
end of the experimental chain to PHOTONS interacting with
ELECTRONS (or other leptons, or baryons).

» No wonder that the dual space to the space of four-vectors
like k" =[% k] or j* =[pc,]] , i.e. the space of linear
functionals on it, inherits the same symmetry group.
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Quantum covariance

> Quantum Mechanics started as a non-relativistic theory,
but very soon its relativistic generalization was created.
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Quantum covariance

> Quantum Mechanics started as a non-relativistic theory,
but very soon its relativistic generalization was created.

» As a result, the wave functions in the Schroedinger
picture were required to belong to one of the linear
representations of the Lorentz group, which means that
they must satisfy the following covariance principle:

D(%) = D(A(x)) = S(N) ¥(x).
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Quantum covariance

» The nature of the representation S(A) determines the
character of the field considered: spinorial, vectorial,
tensorial...

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



0O0@0000000000000000
Quantum covariance

» The nature of the representation S(A) determines the
character of the field considered: spinorial, vectorial,
tensorial...

> As in many other fundamental relations, the seemingly simple
equation

(%) = V(A(x)) = S(A)h(x).
creates a bridge between two totally different realms: the
space-time accessible via classical macroscopic observations,
and the Hilbert space of quantum states. It can be
interpreted in two opposite ways, depending on which side we
consider as the cause, and which one as the consequence.
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Quantum covariance

» In other words, is the macroscopically observed Lorentz
symmetry imposed on the micro-world of quantum physics,
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Quantum covariance

» In other words, is the macroscopically observed Lorentz
symmetry imposed on the micro-world of quantum physics,

> or maybe it is already present as symmetry of quantum states,
and then implemented and extended to the macroscopic world
in classical limit ? In such a case, the covariance principle
should be written as follows:
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Quantum covariance

» In other words, is the macroscopically observed Lorentz
symmetry imposed on the micro-world of quantum physics,

> or maybe it is already present as symmetry of quantum states,
and then implemented and extended to the macroscopic world
in classical limit ? In such a case, the covariance principle
should be written as follows:

’

NE(S)H = (') = 3 (S(w)),
In the above formula ~
=yt

is the Dirac current, ¢ is the electron wave function.
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P In view of the analysis of the causal chain, it seems more
appropriate to write the same transformations with A
depending on S:

V() = (N (S)x) = Su(x”) (3)
Ny (S)x¥(t, ) = X (S, S). (4)
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» In view of the analysis of the causal chain, it seems more
appropriate to write the same transformations with A
depending on S:

P (") = ' (N (S)x”) = Sy(x”) (3)
N (S)x (1, 9) = X' (S, DS). (4)

» This form of the same relation suggests that the transition
from one quantum state to another, represented by the
unitary transformation S is the primary cause that implies the
transformation of observed quantities such as the electric
4-current, and as a consequence, the apparent
transformations of time and space intervals measured with
classical physical devices.
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Quantum covariance

» Although mathematically the two formulations are equivalent,
it seems more plausible that the Lorentz group resulting from
the averaging of the action of the SL(2,C) in the Hilbert
space of states contains less information than the original
double-valued representation which is a consequence of the
particle-anti-particle symmetry, than the other way round.
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Quantum covariance

» Although mathematically the two formulations are equivalent,
it seems more plausible that the Lorentz group resulting from
the averaging of the action of the SL(2,C) in the Hilbert
space of states contains less information than the original
double-valued representation which is a consequence of the
particle-anti-particle symmetry, than the other way round.

» In what follows, we shall draw physical consequences from this
approach, concerning the strong interactions in the first place.
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First principles

» Our questioning about the cause of measurable effects should
not stop at the stage of forces, which are but expressions of
effects of countless fundamental interactions, just like the
thermodynamical pressure is in fact an averaged result of
countless atomic collisions.
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First principles

» Our questioning about the cause of measurable effects should
not stop at the stage of forces, which are but expressions of
effects of countless fundamental interactions, just like the
thermodynamical pressure is in fact an averaged result of
countless atomic collisions.

» On a classical level, when theory permits, the symbolical force
can be replaced by a more explicit expression in which fields
responsible for the forces do appear, like in the case of the
Lorentz force.
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First principles

» But the fields acting on a test particle are usually generated
by more or less distant charges and currents, according to the
formula giving the retarded four-potential AN(X/\)Z
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First principles

» But the fields acting on a test particle are usually generated
by more or less distant charges and currents, according to the
formula giving the retarded four-potential AN(X/\)Z

>
Aulr, )_47rc ///J“r rt—_r|’r|r|)d3/ )

then we get the field tensor given by

Fu = 0,A, — 0,A,.
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» The macroscopic currents are generated by electrons’
collective motion. A single electron whose wave function is a
bi-spinor gives rise to the Dirac current

j* =y, (6)
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» The macroscopic currents are generated by electrons’
collective motion. A single electron whose wave function is a
bi-spinor gives rise to the Dirac current

j* =y, (6)

> with f =745 where

L 0 10
5__.0.1.2 3 2 _
7—7777—(0 _,2>, lz—(o 1).
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» In fact, the four-component complex function v is composed
of two two-component spinors, &, and Xgr

¢=X,
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» In fact, the four-component complex function v is composed
of two two-component spinors, &, and Xgr

o= ()

» which are supposed to transform under two non-equivalent
representations of the SL(2,C) group:

go/ = Sg;’ﬁow XIBI = g,XBH (7)
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» The electric charge conservation is equivalent to the
annulation of the four-divergence of j/:

0u = (0,010 ) v+ (o) =0, (8)
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» The electric charge conservation is equivalent to the
annulation of the four-divergence of j/:

0u = (0,010 ) v+ (o) =0, (8)

» from which we infer that this condition will be satisfied if we
have

OuTy* = —mypt and #0, = my, (9)

which is the Dirac equation.

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Quantum covariance
00000000000 e0000000

» In terms of the spinorial components £ and y the Dirac
equation can be seen as a pair of two coupled equations
which can be written in terms of Pauli’s o-matrices:

.10 .
—/th +mc )& =iho-Vy,
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» In terms of the spinorial components £ and y the Dirac
equation can be seen as a pair of two coupled equations
which can be written in terms of Pauli’s o-matrices:

.10 .
<_IEEE + mc) & =iho -V,

.10 .
(—IFLEE - mc) X = iho - V&. (10)
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» In terms of the spinorial components £ and y the Dirac
equation can be seen as a pair of two coupled equations
which can be written in terms of Pauli’s o-matrices:

.10 .
<_IEEE + mc) & =iho -V,

.10 .
(—IFLEE - mc) X = iho - V&. (10)

» The relativistic invariance imposed on this equation is usually
presented as follows: under a Lorentz transformation A the
4-current j# undergoes the following change:

J— = N (11)
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» This means that the matrices v* must transform as
components of a 4-vector, too. Parallelly, the components of
the bi-spinor 1) must be transformed in a way such as to leave
the form of the Dirac equations unchanged: writing
symbolically the transformation of | ¢ > as | ¢/ >= 5| ¢ >,
and < ¢’ |=< 1 | S71, we should have

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Quantum covariance
00000000000 0e000000

» This means that the matrices v* must transform as
components of a 4-vector, too. Parallelly, the components of
the bi-spinor 1) must be transformed in a way such as to leave
the form of the Dirac equations unchanged: writing
symbolically the transformation of | ¢ > as | ¢/ >= 5| ¢ >,
and < ¢’ |=< 1 | S71, we should have

J =< A =< | SIS | >=

Nt =Ny < | [ > (12)

from which we infer the transformation rules for
gamma-matrices:

SIS = Ny, (13)
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Pauli’s exclusion principle

» The exclusion principle for the fermions is one of the most
important facts of the elementary particle physics. In its first
formulation in 1924 by Wolfgang Pauli only the states of the
electrons in atomic shells were concerned: two electrons with
the same quantum numbers can coexist only if their extra
quantum number related to the proper spin of the electron,
takes on different values out of the only two accessible ones.
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Pauli’s exclusion principle

» The exclusion principle for the fermions is one of the most
important facts of the elementary particle physics. In its first
formulation in 1924 by Wolfgang Pauli only the states of the
electrons in atomic shells were concerned: two electrons with
the same quantum numbers can coexist only if their extra
quantum number related to the proper spin of the electron,
takes on different values out of the only two accessible ones.

» Not only does it explain the structure of atoms and the
periodic table of elements, but it also guarantees the stability
of matter preventing its collapse, as suggested by Ehrenfest,
and proved later by Dyson in his seminal papers.
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Pauli’s exclusion principle

» In purely algebraical terms Pauli’s exclusion principle amounts
to the anti-symmetry of wave functions describing two
coexisting particle states.
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Pauli’s exclusion principle

» In purely algebraical terms Pauli’s exclusion principle amounts
to the anti-symmetry of wave functions describing two
coexisting particle states.

» The easiest way to see how the principle works is to apply
Dirac’s formalism in which wave functions of particles in given
state are obtained as products between the “bra” and “ket”

vectors.
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Pauli’s exclusion principle

Consider the wave function of a particle in the state | x >,
O(x) =<t |x>. (14)

A two-particle state of (| x >,| y >) is a tensor product

[ >=> 0(x,y) (x> |y>) (15)
If the wave function ®(x, y) is anti-symmetric, i.e. if it satisfies
d>(x,y) = _q)(yax)a (16)

then ®(x, x) = 0 and such states have vanishing probability.
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Pauli’s exclusion principle

Conversely, suppose that ®(x, x) does vanish. This remains valid in
any basis provided the new basis | x’ >, | y/ > was obtained from

the former one via unitary transformation.
Let us form an arbitrary state being a linear combination of | x >

and |y >,
|z>=a|x>+8|y>, a,peC,

and let us form the wave function of a tensor product of such a
state with itself:

O(z,2) =<y [(a|x>+B [y >)@(a| x>+ ]y >), (17)
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Pauli’s exclusion principle

» which develops as follows:

o® <P |x,x>4af <] xy>

1Ba <t |y, x>+B% <t |y,y>=
= a? (x, x) + aB B(x,y) + Bad(y,x) + B2 b(y,y). (18)

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Pauli’s principle
0000®000000

Pauli’s exclusion principle

» which develops as follows:

o® <P |x,x>4af <] xy>

1Ba <t |y, x>+B% <t |y,y>=
= a? (x, x) + aB B(x,y) + Bad(y,x) + B2 b(y,y). (18)

» Now, as ®(x,x) =0 and ®(y, y) = 0, the sum of remaining two
terms will vanish if and only if (16) is satisfied, i.e. if ®(x,y)
is anti-symmetric in its two arguments.
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Pauli’s exclusion principle

> After second quantization, when the states are obtained with
creation and annihilation operators acting on the vacuum, the
anti-symmetry is encoded in the anti-commutation relations

P(x)h(y) + (y)e(x) =0 (19)

where ¢(x) | 0 >=| x >.
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Pauli’s exclusion principle

> After second quantization, when the states are obtained with
creation and annihilation operators acting on the vacuum, the
anti-symmetry is encoded in the anti-commutation relations

P(x)h(y) + (y)e(x) =0 (19)

where ¢(x) | 0 >=| x >.

» This anti-symmetry is so fundamental that it should be also
Lorentz-invariant, or rather act as a Lorentz symmetry
generating principle.
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Quantum covariance

» The Pauli exclusion principle gives a hint about how it might
work. In its simplest version, it introduces an anti-symmetric
form on the Hilbert space describing electron’s states:

P =_* a,8=12 €?=1,
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Quantum covariance

» The Pauli exclusion principle gives a hint about how it might
work. In its simplest version, it introduces an anti-symmetric
form on the Hilbert space describing electron’s states:

P =_* a,8=12 €?=1,

> Now, if we require that Pauli’s principle must apply
independently of the choice of a basis in Hilbert space, i.e.
that after a linear transformation we get

/5/ _ Sglsgleaﬁ _ _6610/7 61/2/ o 1,
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More explicitly,

€a/B/ _ Sglsgleaﬁ _ _GB,O/ 61/2/ _ 1,

i

yields
ssE - syst =1

which means that the matrix S must have the determinant equal
to 1, which defines the SL(2,C) group.
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» lts real dimension is 6 (an arbitrary complex 2 x 2 matrix
depends on four complex parameters, or equivalently, on 8
real partameters; imposing that the determinant must be
equal to 1 is equivalent to two real equations, the imaginary
part of the determinant being equal to 0, and this leaves just
6 free real parameters.
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» lts real dimension is 6 (an arbitrary complex 2 x 2 matrix
depends on four complex parameters, or equivalently, on 8
real partameters; imposing that the determinant must be
equal to 1 is equivalent to two real equations, the imaginary
part of the determinant being equal to 0, and this leaves just
6 free real parameters.

> It is also easy to prove that the Lie algebras of both SL(2,C)
and the Lorentz group do coincide, both satisfying
commutation relations defined by the formulae (22).
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The spinor realization of six D = 4 Lorentz algebra generators is
often represented by two sets containing three generators each, the
generators of three independent spatial rotations J; and the three
generators of the Lorentz “boosts” K; involving the space-time
transformations along the three space axes, defined as follows:

i : 1
Ji - 5 €ijk |:ija’yk:| ) K/ = 5 [7/770] (20)

. The explicit form in terms of tensorial products of 2 x 2 matrices
is then as follows:

] 1
JI:_E]]2®UI, Ki:_§ 01 X 0. (21)
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The full set of relations defining the Lorentz algebra is given
by the following equations:
[Jis Ikl=€ia i, [Jis Kl=€ini Koy

22
(Ki, K]l=—€ix1 ). (22)
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> The notion of isospin was introduced as early as in 1932 by W.
Heisenberg who noticed that at high energies when the strong
nuclear interacions prevail, proton and neutron behave almost
as two states of the same particle ( “the nucleon” as far as the
electromagnetic forces, much weaker that the nuclear ones,
can be neglected.
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> The notion of isospin was introduced as early as in 1932 by W.
Heisenberg who noticed that at high energies when the strong
nuclear interacions prevail, proton and neutron behave almost
as two states of the same particle ( “the nucleon” as far as the
electromagnetic forces, much weaker that the nuclear ones,
can be neglected.

> To acknowledge the new discrete degree of freedom, taking
on two values only, one needs a two-component wave
function, just like in the case of the half-integer spin of the
electron.
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» In the high energy limit, when neutron and proton become
undistinguishable, their state vectors in the Hilbert space of
states can be linearly superposed under the condition that the
resulting state vector is normalized to 1:

|p'>=|a|p>+B|n>=1, <p' | p >=1implies aa+58 =1,
(23)
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» In the high energy limit, when neutron and proton become
undistinguishable, their state vectors in the Hilbert space of
states can be linearly superposed under the condition that the
resulting state vector is normalized to 1:

|p'>=|a|p>+B|n>=1, <p' | p >=1implies aa+58 =1,
(23)
» Such transformations form a group which can be represented
by matrices of the following special type:

M = (g _0_45> , with detM = 1. (24)

This real three-dimensional Lie group is called SU(2), and is
topologically isomorphic with a 3-sphere.
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The Lie algebra of the SU(2) group is isomorphic with the Lie
algebra SO(3) of three-dimensional Euclidean rotations. Its
lowest-dimensional representation is given by the following three
2 x 2 matrices:

i (01 i (0 —i i1 0
'1_5(1 o)’ ’2‘5(:' o)’ '3‘5(0 —1)' (25)

The two states of the nucleon form a basis of the
lowest-dimensional spin % representation of the SU(2) group. Two
commuting operators of the SU(2) Lie algebra are /? and /3, the
Casimir operator, and the third component of the isospin vector.
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In the first model of isospin symmetry proposed by Heisenberg, the
two states of a nucleon, proton and neutron, are represented by
two “iso-spinors”, the two-component columns as follows:

SO

The third component of isospin /; acting on basic vectors produce
the eigenvalues +1 for the proton and —1 for the neutron. A

simple rule for the electric charge follows,

1

attributing the electric charge +1 to the proton, and 0 to the
neutron state, respectively.
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It was also conjectured by Yukawa that strong interactions must
be mediated by lighter particles called mesons, belonging to a
three-dimensional representation of the SU(2) group, intertwining
between two isospinors belonging to the half-integer
representation. The three intermediary particles, called later the
m-mesons, can be represented by the following three-component
columns, spanning the integer isopin = 1 representation:

1 0 0
at=1[(0], #t=|1|, #T=|0]. (28)
0 0 1
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» The eigenvalues of the /3 operator on these states are +1, 0,
and —1, respectively, coinciding with their electric charges.
Therefore, the isospin 1 pion states satisfy the simple relation
between the eigenvalues of electric charge and the third
component of the isospin, Q@ = /5. To produce a single formula
valid for nucleons and pions alike, a new conserved quantity
has to be introduced: the hypercharge Y.

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Isospin
00000e

» The eigenvalues of the /3 operator on these states are +1, 0,
and —1, respectively, coinciding with their electric charges.
Therefore, the isospin 1 pion states satisfy the simple relation
between the eigenvalues of electric charge and the third
component of the isospin, Q@ = /5. To produce a single formula
valid for nucleons and pions alike, a new conserved quantity
has to be introduced: the hypercharge Y.

» Called also the baryon number, its eigenvalue is 1 for strongly
interacting fermions (nucleons and hyperons discovered later),
and 0 for mesons. As a result, one gets the
Gell-Mann-Okubo formula relating the three quantum
numbers characterizing strongly interacting particles:

Y
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In Quantum Chromodynamics quarks are considered as fermions,
1

endowed with spin 5. Only three quarks or anti-quarks can coexist
inside a fermionic baryon (respectively, anti-baryon), and a pair
quark-antiquark can form a meson with integer spin.

Besides, they must belong to different colors, also a three-valued
set. There are two quarks in the first generation, v and d (“up”
and “down”), which may be considered as two states of a more
general object, just like proton and neutron in SU(2) symmetry are
two isospin components of a nucleon doublet.

According to the QCD model, in stable bound state there is place

for two quarks in the same u-state or d-state, but not three.
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Quarks display quite unusual quatum numbers. Conservation and
additivity of the baryon number lead to the concludion that the
baryon charge of quarks must be equal to % that of anti-quarks
being —3.

The half-integer isospin representation attributes the value 5 = +%
to the u-quark (the “up” state) and the value = —1 to the
d-quark (the “down” state).

Then, according to the Gell-Mann-Okubo formula, the electric
charges of quarks are:

1 1 1
Q=3+3%3=
and obviously, Q(7) = -2, Q(d)=1.
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P This suggests that a natural generalization of Pauli’s exclusion
principle would be that no three quarks in the same state can
form a stable configuration perceived as one of the strongly
interacting particles (even the relatively short-lived
resonances).
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P This suggests that a natural generalization of Pauli’s exclusion
principle would be that no three quarks in the same state can
form a stable configuration perceived as one of the strongly
interacting particles (even the relatively short-lived
resonances).

» Now we need statistical properties that would allow the
coexistence of two quarks with the same isospin, but not
three. By analogy with the Fermi-Dirac statistics based on the
Z> nilpotent operators, we should introduce the Z3 nilpotent
operators 04, A, B = 1,2, such that 63 # 0, but 63 = 0.
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Let us require then the vanishing of wave functions representing
the tensor product of three (but not necessarily two) identical
states. That is, we require that ®(x, x,x) = 0 for any state | x >.
As in the former case, consider an arbitrary superposition of three
different states, | x >, | y > and | z >,

lw>=a|x>4+8|y>+y]|z>

and apply the same criterion, ®(w,w,w) = 0.
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We get then, after developing the tensor products,

O(w, w,w) = &®0(x, x,x) + B20(y,y,y) +71°®(z,2,2)
+a2BIO(x, X, y)+P(x, y, X)+O(y, x, x)[+70°[®(x, X, 2)+D(x, 2, x)+(z, X, X)]
+aB2[D(y, y, x)+(y, X, y)+O(x, v, Y)+B2[S(y, v, 2)+ (v, 2, ¥)+ (2, . y)]
+B72[O(y, 2,2)+0(2, 2, y)+ (2, y, 2)]+77a[®(2, 2, X)+ (2, x, 2) +D(x, 2, 2)]
+afy[P(x,y, 2)+P(y, 2, x)+P(z,x, y)+P(z, y, x)+P(y, X, 2)+P(x, 2, y)] = 0.
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The terms ®(x, x, x), ®(y,y,y) and ®(z, z,z) do vanish by virtue of
the original assumption. Among the remaining terms, the
combinations preceded by various independent powers of numerical
coefficients «, 8 and ~, must vanish separately.

This is achieved if the following Z3 symmetry is imposed on our
wave functions:

d)(X,y,Z) =j(b(y7z7x) :j2 ¢(Z7X7y)'

with ; representing the primitive root of 1,

2mi

j=e5, =1 j+j+1=0. (31)

Note that the complex conjugates of functions ®(x, y, z) transform
under cyclic permutations of their arguments with j2 = replacing
j in the above formula

V(x,y,2) = 2 V(y,2,x) = j¥(z,x. ).
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Let A, B,...=1,2,..N; we suppose that the generators #* span an
associative algebra, in which the following cubic relations are

imposed:
0A0B9C = j9BOCOA = 29C0A0B, with j = e (32)
We also introduce a similar set of conjugate generators oA,
A, B, ...=1,2,..., N, satisfying similar condition with ;2 replacing J:
§A9B0C = 2 6BGC9A = j <5495, (33)

We complete the constitutive relations by the commutation
between the generators 6 and their conjugates 0:

9AG8 = —jGBoA. (34)
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The cubic analogue of binary anti-commutation relations defines a
Z3-graded generalization of Grassmann algebra Az, The natural Z;
grading attributes the Z;-grade 1 to 6’s and the Z;-grade 2 to §'s.
Under the associative multiplication the grades add up modulo 3,
so that e.g. the product 6208 has the Z;-grade 2, the product
6ADE has the Zs-grade 0, etc.
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The following two properties of the Z3-graded analogue of
Grassmann algebra are useful for modelling basic properties of
quarks. First, it is easy to prove that only quadratic and cubic
expressions do not vanish; all products of four and more generators
must vanish. Indeed, let us consider a fourth-order expression,
6A9BHCHP. We have, using the associativity property, the following
identities:

QAGBHCQD :J'HBOCQAHD :j2 GBGAQDGC :j3 aAeDoBHC :j4 GAGBGCGD
(35)
and because j4 = j # 1, the only solution is #40B0€9P = 0.
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Secondly, foreseeing that cubic combinations of quarks result in
composite particles perceived as fermions (e.g. proton and
neutron), the corresponding operators should anti-commute. This
is true indeed, as the following simple computation shows:

(04080C)(GPFEGF) = (—j)30°(020B0C)(E0F) = ...

= (—j)°(BPGEGT) (07080 ) = —(GPFEGT)(070B0C),  (36)

The conjugate generators g8 span an algebra 4 isomorphic with A.
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With two quark states, v and d, we get only two independent
cubic combinations and three independent quadratic combinations.
Considering the formulae (32) and (33) with only two generators
and replacing #' by v and 6% by d, we see that the only
non-vanishing cubic monomials are

udu = jduu = jPuud, dud = judd = j*ddu, @Gdi = j?ddi = j? = jaid,

(37)
corresponding to the proton and neutron, anti-proton and
anti-neutron states. Due to the equation (35), all combinations of
order four and higher do vanish identically. The only quadratic
combinations satisfying relations (34) are as follows:

ud = —jdu, dd=—j>dd, ui—dd (38)

corresponding to three pions , T
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. .
By analogy with the derivation of the SL(2, C) symmetry from the
skew Z>-symmetry of Pauli’s exclusion principle, let us show that
certain complex representation of the same symmetry group can be
derived from the Z;-graded generalization of the exclusion principle
defined above. Let us suppose that as usual Dirac fermions, quark
should be described by a four-component column composed of two
Pauli-like spinors. According to the ternary Z3-skew symmetric
anti-commutation hypothesis, these spinors are operator-valued.
Let us denote them in the usual way:

! d! it Ji
(u2>7 (d2)a L_l2 [ (72 . (39)

where u! is the operator corresponding to the spin-up state of the
u-quark, u? is the spin-down state of the u-quark, etc., with the
conjugate operator valued spinors denoted by means of dotted
indices: Ei, 2, etc.

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3

Q.



Z3-grading
00000000000080000000000000

The cubic combinations supposed to produce the observable
fermionic states will contain the mixed products of the components
of both v and d quarks, which should also obey the Pauli exclusion
principle. This means that although there can be two v or two d
quarks out of three, they cannot display the same spin direction.
Therefore the only possible products must be tthe following:

dtdt, utePd?, dRdPut,  ddPul, (40)

and of course the four similar expressions made of the conjugate
quarks with dotted indices:

atacdt, @atd?, didlat, ddra. (41)
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We notice that there are four independent cubic terms made of
the combinations (uud) and (@iid), and also four independent cubic
expressions made of the combinations (udd) and (idd).

This is exactly the number of components one needs to describe
two independent Dirac fermions, the proton and the neutron. This
is so because the order in cubic products does not matter:
according to the ternary anti-commutation laws (32, 33), all
permutations are linearly dependent:

2d1—ju2d1 1—_j2d1 1 2 d1d2U1:jd2U1d1:j2U1d1d2,

dl_J2u2d1 1—Jd1 =i 2 Jigéaé:jzgéﬁéai:jaégiaé‘
(42)
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We can therefore produce a more symmetric expression containing
all possible permutations as follows:

1

uttdt = 3 [uluzd1 +ju2d1u1 —|—j2d1u1u2] ,
1

vd?d = 3 [uldzd1 + jd?dtut —|—j2d1u1d2] ,
1

vuld? = 3 [uzuld2 —|—ju1d2u2 +j2d2u2u1] ,
1

d?dtu? = 3 [d2d1u2 +jd1u2d2 —i—j2u2d2d1] ,
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d
an A % :gngJi LR RdE Jiaéﬁi} 7
Agegt :% :ﬁiC72671+j2 Jégiﬁi_i_jgiaigé} 7
Rig - % :E2g152+j2 ARP Jéﬁéﬁi} ,
Pai — % P3P P PP PP,
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This is similar to the “averaging” the product of two
anti-commuting spinors using the skew-symmetric 2-form e,g:
a,B=1,2, €1 = 1. If the variables x® anti-commute, i.e. if
Yx? = —xPx®, then we can write

X = % [faﬁ x“xﬂ] : (43)
By analogy with this Z, skew-symmetric case, we can introduce
the Z; skew-symmetric 3-form playing a similar role; however, due
to the existence of two independent combinations of indices, (121)
and (212), two independent Z;-skew symmetric 3-forms must be
introduced, with an extra upper index labeling them. For the sake
of generality, let us consider some abstract Z3;-graded algebra
spanned by two generators 6, A B,= 1,2 and their conjugates
91,02, satisfying the set of constitutive relations (32, 33 and 34).
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We introduce the following two 3-forms p%z- and their conjugates

ﬁgé#' with a,B =1,2 and A, B = 1,2, whose components are given
explicitly below:

P121 1, P211 j27 th:j’ P212 1, /’122 jzv P§21:j- (44)

S e T S
Pisi =1 Paii =Jo Piis =J% Pais =1 Pigs =J» Psi =J%  (45)
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Quite obviously, the 3-forms p%- and ﬁgéﬁ satisfy the following
Z3-symmetry properties:

1 2 1 .1 2 D 2 . 2
P121 =J P211 = J P1120 P12 =J P12 = J P21 (46)

and ) ) ) ) ) )
T N o | e R Y
Pisi =JP3ii =J" Piis  Pais =J Piss =J" Pasi (47)
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: :
The constitutive ternary commutation formulae take on the
following shortened form:

1 1
1u2d1 3 pA cu quC u2u1d2:§piBCuAquC,

1571 -1 A-B3C 5-1750 A C
o ocd 3pABC AgBdC, @atd 3pABC d (48)
mapping the 12 degrees of freedom of the three quarks (u, u, d)
onto the four degrees of freedom of the proton, supposed to be a

1/2-spin fermion, and
1 1
d1u2d1 _ § p,]ABCdAquca d2u1d2 — § piBCuAqucv

P 1 e 1
1,241 A B C 2 142 A B ¢
d'Pd = 2 paped uPdS, Puld = L Bped?uPdS (49)

mapping the 12 degrees of freedom of the three quarks (d, d, u)
onto the four degrees of freedom of the neutron.
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» The constitutive cubic relations between the generators of the
Z3 graded algebra can be considered as intrinsic if they are
conserved after linear transformations with commuting (pure
number) coefficients, i.e. if they are independent of the
choice of the basis.
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» The constitutive cubic relations between the generators of the
Z3 graded algebra can be considered as intrinsic if they are
conserved after linear transformations with commuting (pure
number) coefficients, i.e. if they are independent of the
choice of the basis.

» Let U2 denote a non-singular N x N matrix, transforming the
generators 6 into another set of generators, §5 = UE 45.
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» The constitutive cubic relations between the generators of the
Z3 graded algebra can be considered as intrinsic if they are
conserved after linear transformations with commuting (pure
number) coefficients, i.e. if they are independent of the
choice of the basis.

» Let U2 denote a non-singular N x N matrix, transforming the
generators 6 into another set of generators, §5 = UE 45.

» We are looking for the solution of the covariance condition for
the p-matrices:

/ A/ / C/ !
S8 Pasc = UA UE UE papicr (50)
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Now, as pl,; = 1, we have two equations corresponding to the
choice of values of the index o’ equal to 1 or 2. For o/ =1’ the
p-matrix on the right-hand side is p/lL\,,B,C,, which has only three

components,
1/ 1/ _2 1/ .
P10 = 1, Poriryr =45 Prro = J-
This leads to the following equation:
SU=UF U5 U407 03 U U Uy U = U (03U -0 ),

(51)
because j2 + j = —1.
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For the alternative choice o’ =2’ the p-matrix on the right-hand
side is p3 g/, whose three non-vanishing components are

2/ 2/ 2 2/ :
P =1, proy =J% Py =]
The corresponding equation becomes now:
SY =UF U3 U7+ U8 U3 UF +j UF U3 U = U7 (U3 U —U) 13),
(52)
The remaining two equations are obtained in a similar manner.
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The determinant of the 2 x 2 complex matrix Ué/ appears on the
right-hand side.
S; = —Uf [det(U)], (53)

The remaining two equations are obtained in a similar manner,
resulting in the following;:

S¥ = —U¥ [det(U)],  S% = U3 [det(UV)]. (54)

The determinant of the 2 x 2 complex matrix Ué/ appears
everywhere on the right-hand side. Taking the determinant of the
matrix Sgl one gets immediately

det (S) = [det (U)]>. (55)
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The matrices Sg" belong to the SL(2, C) group if the resulting
cubic combinations of quarks (proton and neutron) behave like
Dirac spinors; therefore we have

det(S§) = 1. (56)
This leads to 3
[det(UB’)] ~1, (57)
which means that
det(U) =1, j, or j2. (58)
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P> We see that the invariance group of the Z;-graded algebra of
isospin quark components satisfying Z3-symmetric cubic
commutation relations is a Z3;-covering of the SL(2,C) group.
The Lie algebra of this group is a Z3-covering of the Lorentz
algebra.
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> We see that the invariance group of the Z;-graded algebra of
isospin quark components satisfying Z3-symmetric cubic
commutation relations is a Z3;-covering of the SL(2,C) group.
The Lie algebra of this group is a Z3-covering of the Lorentz
algebra.

» There is another representation of Z3; symmetry corresponding
to an extra degree of freedom of quarks, the colour.
Incorporating the colour, which is akin to three-valued spin
due to its exclusivity - no quarks displaying the same colour
can be present in a stable bound state - leads to a Z;-graded
generalization of the Dirac equation.
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» The discovery hyperons, new hadrons more massive than
proton and neutron, forced introduction of a third quark s
(from “strange”) beyond the u and d. It led to the first
successful application of the SU(3) symmetry, acting on a
three-component column uniting in a single vector the quark
states u,d and s.

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Colour
©000000000000

» The discovery hyperons, new hadrons more massive than
proton and neutron, forced introduction of a third quark s
(from “strange”) beyond the u and d. It led to the first
successful application of the SU(3) symmetry, acting on a
three-component column uniting in a single vector the quark
states u,d and s.

» The fundamental 3 x 3-dimensional representation of the
SU(3) group was supposed to act on the complex vector space
spanned by three different quark states.
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» The discovery hyperons, new hadrons more massive than
proton and neutron, forced introduction of a third quark s
(from “strange”) beyond the u and d. It led to the first
successful application of the SU(3) symmetry, acting on a
three-component column uniting in a single vector the quark
states u,d and s.

» The fundamental 3 x 3-dimensional representation of the
SU(3) group was supposed to act on the complex vector space
spanned by three different quark states.

» The observed groups of similar mesons and baryons were then
conceived as irreducible representations produced by
appropriate tensor products of two or three fundamental
represenations.
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The tensor product of two inequivalent fundamental
representations, 3 and 3, decomposes into the sum of two
irreducible representations, the 1-dimensional singlet and the
8-dimensional octet, while the tensor product of three fundamental
representation decomposes into the sum of a singlet, two octets
and one decuplet, according to the symbolic equations below:

303=1+8, 3®@3®3=1+8+8+ 10, (59)
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The particle content of the baryon octet and decuplet is
represented in the Figure below, with essential quantum numbers:
hypercharge Y, electric charge @, isospin / and strangeness S.

a a a' o
ILJ dd-u - uu ':l
,. __\ /

. Sl:r "

Figure: Left: the baryon octet; Right: the baryon decuplet.
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The presence of THREE quarks of the same type, ddd (hyperon
A7) or uuu (hyperon A™T) which should be prohibited according
to the isospin-statistics ternary generalization of Pauli's exclusion
principle implemented by Z3;-skewsymmetric cubic commutation
relations, suggested that there must be a new discrete degree of
freedom for quarks, with THREE possible values. This new and
exclusive degree of freedom was given the name of colour, with
three values named by convention Red, Blue and Green.
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» In currently widely accepted Quantum Chromo-Dynamics
(QCD) the extra color variable and the new symmetry it
represents are taken into account by introducing three Dirac
spinors, ", A =1,2,3, and the free Lagrangian is invariant
under the action of the fundamental representation of the
SU(3) group:

YB = UB v,
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» In currently widely accepted Quantum Chromo-Dynamics
(QCD) the extra color variable and the new symmetry it
represents are taken into account by introducing three Dirac
spinors, ", A =1,2,3, and the free Lagrangian is invariant
under the action of the fundamental representation of the
SU(3) group:

v = UB vt

P> The action of the Lorentz group (identically on each of the
Dirac spinors forming the color triplet) commutes with the
action of the SU(3) group.
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Explicitly, the fundamental representation of the SU(3) group acts
on the following triplet of Dirac spinors:

P
V= 1/’2 (60)
P3

The Lorentz group acts simultaneously on each of the “coloured”
Dirac spinors via its standard 4-D spinorial representation
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» We shall extend the Z; x Z, symmetry by Z; group, so that

the system will mix not only the two spin % states and

particles with anti-particles, but the three colours as well.
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» We shall extend the Z; x Z, symmetry by Z; group, so that
the system will mix not only the two spin % states and
particles with anti-particles, but the three colours as well.

» The standard Dirac equation expressed in terms of two
entangled Pauli spinors 1+ will be extended so as to
incorporate six entangled Pauli spinors, to which three colours
and three anti-colours are attributed.
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» The Z; symmetry can be combined with the Z, symmetry; 3
and 2 being prime numbers, the Cartesian product of the two
is isomorphic with another cyclic group,

Z3><22226

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Colour
0000000800000

» The Z; symmetry can be combined with the Z, symmetry; 3
and 2 being prime numbers, the Cartesian product of the two
is isomorphic with another cyclic group,

Z3X22226

» The generalized Dirac equation is invariant under the discrete
group Z3 X Zy X Zy ~ Zg X Z (which is not isomorphic with Z;,
because 6, being divisible by 2 and by 3, is not a prime
number).
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The cyclic group Z; is represented in the complex plane by its
generator g = et =e% , and its powers from 1 to 6. In terms of
the Z; group generated by j and Z, group generated by —1, we
have g = —j2, ¢° =, ¢®* = -1, ¢* =%, ¢° = —j, ¢® = 1, as shown
in the figure (3) below.

Figure: The six complex numbers g¥ can be put into correspondence with
three colours and three anti-colours.
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» In analogy with colours labeling quark fields, if the “white”
combination is represented by 0, then we have two linear
colourless sums of three powers of g, namely

1+¢°+¢*=0 and g+q¢>+g° =0,
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» In analogy with colours labeling quark fields, if the “white”
combination is represented by 0, then we have two linear
colourless sums of three powers of g, namely

1+¢°+¢*=0 and g+q¢>+g° =0,
» and three white combinations of colour with its anti-colour,
9+q*=0,¢+¢ =0, +¢°=0,

just like a fermion and its antiparticle, or three bosons
(like e.g. mesons 7°, 7+ and 77).
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Alternative proposal: colors first.

The generalized Dirac equation incorporating colour degrees of
freedom in a Z3-symmetric way was proposed in publications cited
above; after introducing three pairs of independent Pauli spinors

1 1 1
_ ([ ¥F _ ([ ¥P= _ X+
o (soi) L (@2) o (Xi) ’

() () o) o

with Pauli sigma-matrices acting on them in a natural way.

X—
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» These three Pauli spinors ¢, x and v, are conventionally
named “red”, “blue” and “green”, while their antiparticle
counterparts @_, x— and i_ are called, respectively,
“cyan”, and “magenta”.
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» These three Pauli spinors ¢, x and v, are conventionally
named “red”, “blue” and “green”, while their antiparticle
counterparts @_, x— and i_ are called, respectively,
“cyan”, and “magenta”.

» The cyclic group Z3 is represented on the complex plane by
multiplicative group of three complex numbers, generated by
powers of j = T, namely:

j=eF, P=eT, =1 144 2=00 (62)
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The resulting system of equation is as follows:

Epr=mPoi+co px,

Ex-=—jmc*x_+co piy,
Edyp=2mc® ¢y +co-py-, ©3)
Eo =-mc®p +co-pxt

Exy=jmPxy+co-pi,
Etp_=—>mc?p_+co-p.oy

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Colour
0000000000000

The color content is better seen in the following alternative basis:

Epr=mPoi+co px,

Ego_:—mc2<p_+ca'-pX+
Exy=jmPxy+co-pi, (64)
Ex-=—jm?x_ +co-pi.

Evy=72mc®py +co-pe_,
Etp_=—>mc?y_+co-p.oy
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» The particle-antiparticle Z,-symmetry appears as m — —m
and simultaneously (¢4, x+,%+) = (p—, x—, %) and vice
versa; the Zz-colour symmetry is realized by multiplication of
mass m by j each time the colour changes, i.e. more explicitly,
Z3 symmetry is realized as follows:
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» The particle-antiparticle Z,-symmetry appears as m — —m
and simultaneously (¢4, x+,%+) = (p—, x—, %) and vice
versa; the Zz-colour symmetry is realized by multiplication of
mass m by j each time the colour changes, i.e. more explicitly,
Z3 symmetry is realized as follows:

m— jm, @4 — X+ — Vi — @4, (65)

m— j2m, i — L — X+ — o, (66)
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.
» The energy operator is obviously diagonal, and its action on

the spinor-valued column-vector can be represented as a 6 X 6
operator valued unit matrix. The mass operator is diagonal,

too, but its elements represent all powers of the sixth root of

unity g = e’ , which are

g=-* ¢ =j,¢=-1,¢=% ¢ =—jand¢®=1.
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» The energy operator is obviously diagonal, and its action on
the spinor-valued column-vector can be represented as a 6 X 6
operator valued unit matrix. The mass operator is diagonal,
too, but its elements represent all powers of the sixth root of
unity g = e’ , which are

g=-* ¢ =j,¢=-1,¢=% ¢ =—jand¢®=1.

» The system (63) was formulated in a basis in which the
“coloured” Pauli spinors alternate with their antiparticles;
however, if we want to put forward the colour content, it is
better to choose an alternative basis in the space of spinors
arranged as follows:

(Q0+7¢—7X+7X—7¢+7¢—)T‘ (67)
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Then the mass and momentum operators take on the following

form:
m 0 0 0 0 0
0 -m O 0 0 0
0 0 jm O 0 0
M= 0 0 0 —jm 0 0 ’
0 0 0 0 j°m 0
0 0 0 0 0 —°m
0 0 0 o-p 0 0
0 0 o-p 0 0 0
p_ 0 0 0 0 0 o-p
0 0 0 0 o-p 0
0 o-p 0 0 0 0
o-p 0 0 0 0 0
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» The dimension of the two matrices M and P displayed above is
12 x 12: all the entries in the first one are proportional to the
2 x 2 identity matrix, so that in the definition one should read

m 0 instead of m, Jm .0 instead of j m, etc.
0 m 0 jm
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» The dimension of the two matrices M and P displayed above is
12 x 12: all the entries in the first one are proportional to the
2 x 2 identity matrix, so that in the definition one should read

m 0 instead of m, Jm .0 instead of j m, etc.
0 m 0 jm

» The entries in the second matrix P contain 2 x 2 Pauli’'s
sigma-matrices, so that P is also a 12 x 12 matrix. The energy
operator E is proportional to the 12 x 12 identity matrix.
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> Only even powers of o-matrices are proportional to 1, and
only the powers of circulant 3 x 3 circulant matrix that are
multiplicities of 3 are proportional to 1.
The diagonalization of the system is achieved only at the
sixth iteration. The final result is extremely simple: all the
components satisfy the same sixth-order equation,
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> Only even powers of o-matrices are proportional to 1, and
only the powers of circulant 3 x 3 circulant matrix that are
multiplicities of 3 are proportional to 1.
The diagonalization of the system is achieved only at the
sixth iteration. The final result is extremely simple: all the
components satisfy the same sixth-order equation,

EC o =mPc? o+ |p[° oy,

ECp =mPc? o+ |pl° . (68)

and similarly for all other components.
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Using a more rigorous approach the three operators can be
expressed in terms of tensor products of matrices of lower
dimensions. Let us introduce two following 3 x 3 matrices:

0
1

o o

B= and Q3 = (69)

[N
= O O

1
0
0

O O
o~ . o

J 0

whose products and powers generate the U(3) Lie group algebra,
or the SU(3) algebra if we remove the unit matrix.
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The standard 3 x 3 matrix basis of ternary Clifford algebra (first
considered in XIX-th century by Cayley and Sylvester, who called
its elements “nonions” ) looks as follows:

0 1 010 010
Ql = 0 o0 J 5 Qg =(0 0 _j2 s Q3 =0 0 1 s (70)
2 00 j 0 0 1 00
0 0 0 0 /2 0 01
=11 0 0|,@=(100|,Q=(10 0}, ()
0 20 0 j O 010
where | is the third primitive root of unity,
. 2ri Ami : -2
j=e3, jF=e3s, 1+j+j =0 (72)

and M' denotes the Hermitean conjugate of matrix M. We see
that all the matrices Q and Q' are non-Hermitean.
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To complete the basis of 3 x 3 traceless matrices, we must add to
Q and Q' the following two linearly independent diagonal matrices:

100 100
B=|o0o j of, B'=(0 j2 0]. (73)
00 j2 00 j

We shall also use alternative notation [4, A=1,2,...8, with

h=Qu h=Q, =05 h=0Ql, 5=ql, =0l =8, ls=B'
(74)
and can also add /y =1;. The Hermitean conjugation
Ih (A=1,2,..,8):
h=(Ql @}, @, Qi, @, @5, B, B) =14 (75)

provides the following permutation of indices A — A':

A=(1,2,3,4,5,6,7,8) - Al = (4,5,6,1,2,3,8,7).  (76)
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We can introduce as well the standard complex conjugation
M — M, which leads to the relations

h=(G=@ Q== Q=0 dl=¢] B=8=1,
(77)

which corresponds to another permutation of indices A,
A=(1,2,3,4,56,7,8) - A=(2,1,3,5,4,6,8,7). (78)

The 3 x 3 matrices Qs and Q;L are real, while @, = Q; are mutually
complex conjugated, as well as their Hermitean counterparts

Qb =q
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The six matrices Q, and QJ-T, i,j =1,2,3 are endowed with natural
Zs-grading
grade(Q;) = 1, grade(Q):) =2, (79)

Out of three independent Zs-grade 0 ternary (i.e. three-linear)
combinations, only one leads to a non-vanishing result. One can
simply check that both j and j? ternary skew commutators do vanish

{Q1, @, @)= Qs + Q@@ + Q1@ =0, (80)
{Q, @2, @3} = Q@ +°Q@3Q +jQsQ1Q2 =0, (81)

as well as the odd permutation, e.g.

QA Qs+ Q1 Q3@+ j2Q;QQ1 = 0.
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In contrast, the totally symmetric combination does not vanish but
is proportional to the 3 x 3 identity matrix /y =13:

QaQch+QchQa+QcQaQb = 3"’7abc ]J3> a, b7 e = 13273‘ (82)

with 7,5, given by the following non-zero components
2
M1 = M222 =333 = 1, M123 = 1231 = 312 = J°,

1213 = 1321 = M132 = J (83)

and all other components vanishing. The above relation can be
used as definition of ternary Clifford algebra .
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An analogous set of relations is formed by Hermitean conjugates
Qg = Qf of matrices @,, which we shall endow with dotted indices
a,b,...=1,2,3. They satisfy the relation

@ =a] (84)
as well as the identities conjugate to the ones in (82)

Qlelal+Qlalel+alQlal =3n,;. 13, with n,5. = fices. (85)

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



The eight matrices Q,, QZ, B and B' span a basis of the SU(3) Lie
algebra, with B, B' its Cartan subalgebra. The commonly used
basis of traceless Gell-Mann matrices \,, a=1,2,...8 can be
obtained by linear combinations of Q,, Q};, B, Bf

The full multiplication table of matrices Q,, QZ, B and B is given
in the next slide.
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M= (@t et of+0f+a)),
2=é(01+02+03—01 Q-]
%jQ1+J @+ Qs +/°Q +/Qf + 0)7 (86)
do =+ (10 + 2+ @ —2Q] 50}~ Q).
%(1Q1+JQ2+Q3+JQ1+JQ2 +af),
é<01+jQz+Q3—JQl—JQT Ql),
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Introduction Quantum covariance Pauli’s principle Isospin Coloul

& | @ Qs Q) Qs Q| B | Bt

Q| QN2 1 Bt B |jQ | /2@

@ |j | @ |2l | B 1s Bl |jQ | P&

@ | 2A i o Bf B L |jQ| 2@

Q | 15 | 2B |jB | & |2l | | &

QU [ jB | 13 | 2B | Q| @ |2 | @ |

Q| 2B|jB | 15 ||| & | & i

B | @& | @& | JjQd Q|| BT | 1

Bt | @& | @ | @ |[/2Q |2 |2Q| 15 | B
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As can be easily seen, the new matrices generated by
multiplication of the 8 still do not form a group. Besides the initial
set Q,, @), B and BT their products yield the new matrices
obtained by multiplication of the above by j and j2, and the unit
matrixl;. However, the matrices jB and j°B' are missing, as well
as the matrices jl3 and ;213
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They do appear after iteration, as products of some of the new
matrices contained in the Table 2, e.g. (j Q,)-(j Q) =3 , and so
on. Notice that the multiplication by j or j2 keeps the fundamental
SU(3) property valid: if QT Q; Y, similarly

( Q.)'=42QI =( @), and their determinants are also equal
to 1, because j3 =1 and (j2)3 =1 as well.

The full set of 27 elements forms a finite group, which is
isomorphic with the tensor product of 9 nonion matrices by the Z3
cyclic group. This group is obviously a finite subgroup of the
fundamental representation of the Lie group SU(3).
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The 12 x 12 matrices M and P can be represented as the following
tensor products:

M=mB® o3 Ql, P=Q®o1®(c-p) (87)

with as usual,

L (10 /(01 /1 0
2= 1o 1) 7 \1 0) 270 -1/
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P Let us rewrite the matrix operator generating the system (64)
when it acts on the column vector containing twelve
components of three “colour” fields, in the basis (67)

[(P-f—? P—s X+ X—7¢+,1/1—]1
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P Let us rewrite the matrix operator generating the system (64)
when it acts on the column vector containing twelve
components of three “colour” fields, in the basis (67)

[(P-H P— X+ X—> ¢+’ Qr[}—]:
>
Ely @l @l =mc? BRos®@lh+ Q@01 @ co - p

with energy and momentum operators on the left hand side,
and the mass operator on the right hand side:

ElL @l @l — @R01Qco-p=mc?> B® ozl (88)
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» Like with the standard Dirac equation, let us transform this
equation so that the mass operator becomes proportional the
the unit matrix. To do so, we multiply the equation (88) from
the left by the matrix Bf @ o3 Qllb.
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» Like with the standard Dirac equation, let us transform this
equation so that the mass operator becomes proportional the
the unit matrix. To do so, we multiply the equation (88) from
the left by the matrix Bf @ o3 Qllb.

» Now we get the following equation which enables us to
interpret the energy and the momentum as the components
of a Minkowskian four-vector ¢ p* = [E, cp]:

E BT®0'3 Rl — Q2®(i0'2)®C0'~ p= mc2]]3 &y &y, (89)

where we used the fact that under matrix multiplication,

o303 =1, BIB =13 and BT Q; = Q..
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» The sixth power of this operator gives the same result as
before,

6
[E Bl @ o3 @lh — @@ (io2) @ co - p] = [E6 — c6p6} 1o

= m®ct?1y, (90)
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» The sixth power of this operator gives the same result as
before,

6
[E Bl @ o3 @lh — @@ (io2) @ co - p] = [E6 — c6p6} 1o

= m®ct?1y, (90)

» It is also worth to note that taking the determinant on both
sides of the eq. (89) yields the twelfth-order equation:

(E 6 |p| ) 12 24 (91)
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» The equation (89) can be written in a concise manner using
the Minkowskian indices and the usual pseudo-scalar product
of two four-vectors as follows:

E
MVpy W =mclhp W, with p® = —, Pk =1p%p",p" ]
(92)
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» The equation (89) can be written in a concise manner using
the Minkowskian indices and the usual pseudo-scalar product
of two four-vectors as follows:

E
MVpy W =mclhp W, with p® = —, Pk =1p%p",p" ]
(92)
» with 12 x 12 matrices *, (x =0,1,2,3) defined as follows:

M =B'®o, Ry, rk = Qz®(i02)®0k (93)
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There is still certain arbitrariness in the choice of 3 x 3 matrix
factors BT and @, in the colour Dirac operator.

2mi

This is due to the choice of j = e as the generator of the
representation of the finite Z3-symmetry group.

If j2 is chosen instead, in (89) the matrix BT will be replaced by B,
Q> by Qq, which is its complex conjugate; the remaining terms
keep the same form.
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The equation (88) can be written in a concise manner by
introducing the 12 x 12 matrix colour Dirac operator [*p,, using
Minkowskian indices and metric 7, = diag(+, —, —, —):

E
r,u,pu V=mclp V¥, with pO = Za pk = [pxa py7pZ ] (94)
with 12 x 12 matrices [* (= 0,1,2,3) defined as follows:

M=Blgoal, =@ /in)®dk (95)
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The 12-component colour Dirac equation is invariant under an
arbitrary similarity transformation, i.e. if we set
V=RV, (MY=RT*R' then (M)p, V' =mcV,
(96)

we get obviously

(MY pu]® = (P§— | p °)12 (97)

Following the formulae (95) for the colour Dirac [*-matrices we
see that they are neither real (7" # I'*) nor Hermitean

()t 1%,
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From the colour Dirac equation (89) one gets the equations for
complex-conjugated W and Hermitean-conjugated Wi:

Mp, U=mc¥, p Vi) =mcul (98)

where V is a column , VT is a row , Ok = —020407,
ok = O'k, oo = 0% =1, and

|:0:B®U3®]Jz, rk:Q1®(iU2)®5k’

MY =B@os@l, (M) =Q ®dc®dk, (99)
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The second equation of (98) can be written in terms of matrices
I if we introduce the Hermitean-adjoint colour Dirac spinor
VH = wiC , where the 12 x 12-matrix C satisfies the relation

(rmic = cre. (100)

It can be also shown that neither I* nor ('*)! can be obtained
via similarity transformation.

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



To obtain a general solution of the colour Dirac equation one
should use its Fourier transformed version. In the momentum
space it becomes:

(T p, — mlyp) W(p) = 0. (101)

The sixth power of the matrix [*p, is diagonal and proportional
to m®, so that we have

(Mpu)° — mPlp = (p§— | p [® —m®) 11p = 0. (102)
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Now we should find the inverse of the matrix (I'* p, — ml3). Let
us note that the sixth-order expression on the left-hand side in
(102) can be factorized as follows:

(Fpa)* =P = ((Fpu) = m?) ((pa)* = m?) ((Fpa)* = 12 m?).
(103)
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The first factor can be expressed as the product of two linear
operators, one of which defines the colour Dirac equation (92),
(101):
2
(Mpu)” — m? = (M py —m) (Mp, + m) (104)
Therefore the inverse of the Fourier transform of the linear

operator defining the colour Dirac equation (101) is given by the
following matrix:

(Fpu+m) ((Mp)? = m?) ((Fp)? = 2 m?)

Mp, —m] ™t =
[ pM ] (pg_ | p ’6 —m6)

(105)
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» The inverse of the six-order polynomial can be decomposed
into a sum of three expressions with second-order
denominators, multiplied by the common factor of the fourth
order. Let us denote by Q the sixth root of (| p |® +m®),

Q={/lp°+mb, (106)
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» The inverse of the six-order polynomial can be decomposed
into a sum of three expressions with second-order
denominators, multiplied by the common factor of the fourth
order. Let us denote by Q the sixth root of (| p |® +m®),

Q={/lp°+mb, (106)

» along with five other root values obtained via multiplication
by consecutive powers of the sixth root of unity, g = e’ .
Recalling the definition of j and that ¢g° = j, we have the
identity

(P§ — Q%) = (P — ) ((P3 —J)((P5 —j°Q%)  (107)

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



which leads to the decomposition formula
1 1 1 j J2
6 6 6 3 |22 22 2 202
(PS—|p |6 —mb) 3Q%[p3—Q%> p3—j® p—j%Q
(108)

or equivalently,

1 1 [ S S ]
(P§—1Ip [0 —mP) 3Q%[p§—Q> j2p5 -  jp5 — Q2
(109)
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After such a substitution in (105), six Zs-graded simple poles do
appear, Figure (4) illustrating the location of these six poles in the
complex energy plane.

b

Figure: The six simple poles in the Fourier-transform of the propagator
(108), with two real ones £ and two conjugate Lee-Wick poles
+jQ, +£/2Q.
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As long as there is a non-zero mass term, we do not encounter the
infrared divergence problem at | p |— 0. Each of the three inverses
of a second-order polynomial can be in turn expressed as a sum of
simple first-order poles, e.g.

1 1 1 ]
pg—Jj2 292 [po—j2Q2  po+j2Q

/2 [ 11
2Q [jpo—Q2  jpo+ Q]
(110)

and similarly for other terms in (108).
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» In order to introduce the propagators in the coordinate space,
one has to perform the contour integrals in complex energy
plane. The inverse Fourier transformation from the
4-momentum into the space-time dependent functions
implies the extension of the py component (the energy) into
the complex domain.
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» In order to introduce the propagators in the coordinate space,
one has to perform the contour integrals in complex energy
plane. The inverse Fourier transformation from the
4-momentum into the space-time dependent functions
implies the extension of the py component (the energy) into
the complex domain.

» The first term in the decomposition (108) of the coulour
Dirac propagator presents two simple poles on the real line,
while the second and the third terms display two simple poles
each, located on complex straight lines Impy = jRepg and
Impy = j2Repy.
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» One can add that in the propagators given by formula (108)
the non-standard residua +j and +;° should be justified by
suitable form of the Z;-graded commutators describing
quantum oscillator algebra of colour quark field excitations.
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» One can add that in the propagators given by formula (108)
the non-standard residua +j and +;° should be justified by
suitable form of the Z;-graded commutators describing
quantum oscillator algebra of colour quark field excitations.

» The colour Dirac equation (98) breaks the Lorentz symmetry
O(1, 3) reducing it to O3, because the 3 x 3-matrices
describing “colour” are different for the I'° and ' components.
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» One can add that in the propagators given by formula (108)
the non-standard residua +j and +;° should be justified by
suitable form of the Z;-graded commutators describing
quantum oscillator algebra of colour quark field excitations.

» The colour Dirac equation (98) breaks the Lorentz symmetry
O(1, 3) reducing it to O3, because the 3 x 3-matrices
describing “colour” are different for the I'° and ' components.

» However we shall show in the following Section that one can
introduce a Z3-graded generalization of the Lorentz
transformations, acting in covariant way on three “replicas” of
the energy-momentum four-vector introduced above.
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The mass shell condition

E® — c®|p |°= mPct? (111)

can be decomposed into the usual relativistic Klein-Gordon
invariant multiplied by a strictly positive factor:

CGo=ps— L=~ P )ps+p ol +|p[")=m,
(112)
The sixth-order polynomial G can be further decomposed into the
product of the following three second-order polynomials,

0) 1) (2
G=0C G G, (113)
: ©) 2 2 ) -2 2 ) 2 2 2
with G =py—p°, G =jpy—p G =j"py—p°

(114)
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Let us denote by superscripts (0), (1) and (2) the four-momenta

@ @ (2)

with quadratic invariants given by (G, , G and G . We get
explicitly

(oo - (B = G

Ry - By=6.

By - (Br="a . (115)
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(0) . - [ . ”
From any real four-vector pg, one can define its two replicas

1 2
O(p)u and (p)# with pg in the complex plane, obtained by

rotations by j and by j° as follows:
Let us introduce three 4 x 4 matrices acting on Minkowskian
four-vectors:

(0) 1) 2 ) .
A =diag (1,1,1,1) =1,, A =diag (j5,1,1,1), A =diag(j,1,1,1),
(116)
providing a (reducible) matrix representation of the cyclic Z;
group,
(r(s)  (r+s)
AA= A . (117)

The superscripts (r +s) are added modulo 3, e.g.
142—0,2+2—1, etc.
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(n
Acting on a given four-vector p, = (po, p) by one of the matrices A

we produce its three Z3-graded “replicas” belonging
(r)

correspondingly to sectors (5 :

n 0 0) (1) 2 ) '
p=Ap: pu —><I:)0), Pu —>(J'fo), Pu —><Jg0>.

(118)

In what follows, we shall use a short-hand notation:

(r) (r) ) (0) (f) (r)(o)
=L = =Lp, P =A== Ap  (119)
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It should be stressed here that the spacetime remains
Minkowskian, with one real time and three real spatial coordinates;

1 2
however, the components of (pL and (pL can take on particular

Z3-graded complex values.

Three “replicas” (118) are the images of the same four-vector
which can be obtained by Z3-valued rotations in the complex

energy plane.
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(0)
Let us denote by Ly, the classical Lorentz transformations which
(0)
0 )
map the real Minkowskian momenta p, into p,

(0) (0) (0) (0) (0) 0)
Loo) Pv =P, = Loo p = P, (120)

(0)
where lower indices (00) mean that we transform C, into itself,
and the superscript (0) says that we deal with the classical

Lorentz transformations.
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The zero-grade Lorentz transformations can be extended to the
()
mappings of four-vectors (rp) belonging to sector (; onto
(s) (s)
four-vectors p’ belonging to sector C, with r,s =10,1,2. Let us
apply a Lorentz boost transforming a four-vector from the sector s,
(r)
(S;; into a vector from another sector r, p’. With notations
notations using the definition of A-matrices , we have:

o OO
—= O O O
)
o= OO
= O O O

(2 .
0

A 0
0

cocor
cor o
o o o
cor o
cor o
o~ oo
— o oo
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the following formula

O e DO @ )OO © () =9 (s
p=Ap=AlLlop=ALoAAp = Ls p
(121)
(r=s) (1) () (),

where Lrs = A LooA s (122)
describes the Lorentz transformation from sector s onto sector r,
and where the superscript (r — s) accordingly to the Z3-grading is
taken modulo 3.
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» To provide the formulae for Z3;-graded boosts in explicit form
we choose the four-vectore p, = (po, p) restricted to the
plane (0, 1), with the three-vector p aligned along the first
spatial axis.
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> To provide the formulae for Z3-graded boosts in explicit form
we choose the four-vectore p, = (po, p) restricted to the
plane (0, 1), with the three-vector p aligned along the first
spatial axis.

» In such a frame the Lorentz rotations reduce only to the
boost in (0,1) plane, given by the following transformation:

Po\ _ (chu shu\ [po
(p’1>_<shu chu/ \p1)’ (123)

LORENTZ COVARIANCE FROM DISCRETE SYMMETRIES 72, & Z3



Subsequently, we get the following triplet of homogeneous
transformations:

(0)  (0) (0)
Loo, L11 and Lpo:

0 chu shu © chu j2shu © chu  jshu
Loo () = (shu chu) > L () = (jshu chu ) » L2 (u) = <j2shu chu)
(124)
(r)

preserving respectively the bilinear forms C; .
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» The matrices (124) are self-adjoint:

0)t 0) (0 0 (O (0)
Loo = Loo, Li1 = L1, Ly = Ly (125)
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» The matrices (124) are self-adjoint:

0)t 0) (0 0 (O (0)
Loo = Loo, Li1 = L1, Ly = Ly (125)

» The generalized Lorentz boosts (124) conserve the group
property: the product of two Lorentz boosts acting in the r-th
sector is a boost of the same type. Indeed, we see from (124)
that the product of two boosts acting in the r-th sector
(r=0,1,2) looks as follows (no summation over r!):

(0) (0) (0)
Ly (u)- Ly (v) = L (u+v). (126)
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If we look at three fourdimensional Lorentz boost transformations

on planes (0,7), i =1,2,3, the respective set of three independent
(0)

“classical” Lorentz boosts belonging to Ly requires the

introduction of three 4 x 4 matrices with three independent

parameters u,v,w:

chu shu 0 O chv 0 shv 0 chw 0 0 shw
shu chu 0 0 0 1 0 O 0 1 0 0
0 0 1 0]’ |shv 0 chv 0}’ 0 01 o0
0 0 01 0 0 0 1 shw 0 0 chw
(127)
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Next, let us consider the general set of matrices transforming the
s-th sector into the r-th one,

(r/) (r—s) (s)
Pu=0"Ls) P, rs=012 r#s (128)

There are two types of such matrices: raising and lowering the
Z3-grade by 1. For the sake of simplicity, let us firstly consider the
two-dimensional case (i.e. u,v =0,1 in (128).
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The 2 x 2-matrices raising the Z3 index (r) of the generalized

f () (r+1)
our-momenta (p, — p, are:

bo =gy “chu 27\ jshu chu 02 = \J2%shu chu
(129)

(&Y (jzchu j2shu> (i) _(j2chu jshu) 1) _(jzchu shu)

The determinants of the matrices (129) are equal to 2.
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The matrices lowering the Z; index by one (or increasing it by 2,
what is equivalent from the point of view of the Z;-grading) are:

(z) _ (jchu shu (i) _ (Jjchu j%shu (z) _ (jchu jshu
oL (jshu chu> » T2 <j2shu chu ) P R0 <shu chu>

(130)
The determinants of the matrices (130) are equal to j.
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The above two sets of three matrices each are mutually
Hermitean-adjoint:

(1)t 2 O 2 M (2)
Loy = Lo, Lip = Loy, Ly = Lo (131)

(t)
We recall that the superscript over each matrix L,; is equal to the
difference of its lower indices, i.e. (t) = (r —s).
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1) )
The matrices L, and L, (r,s =0,1,2) raising or lowering
respectively the Z;-grade of the four-momentum vectors (/S)H do

not form a Lie group.
(0)
However, together with matrices L,; they can be used as building

blocks in bigger 12 x 12 matrices forming a Z3;-graded
generalization of the Lorentz group.
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This construction is possible due to the chain rule obeyed by these
matrices, which due to the definition (122) display the group
property. We have:

(r—s) (s—t) (r—t)
Ls (posp1; u) Lse (po.p1; v) = Lr (po,p1; (u+v)). (132)

In order to pass to arbitrary four-momentum vectors

(/SL, 1 =0,1,2,3 one should embed the 2 x 2 matrices (129 - 130)

into 4 x 4 matrices in a way analogous to passing from the 2 x 2
(0)
boost matrices Ly to the triplet of boosts in planes

(0,/),i =1,2,3 described by the 4 x 4 matrices (127).
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0) (1) (2
If we write a Z;-extended four-momentum vector (p#, p#, pt)T

as a column with 12 entries, we can introduce three boost sectors
(r)

A, (r=0,1,2) of the generalized Z3-graded Lorentz group as
12 x 12 matrices as follows:

D0 o o o 1 o T o

(0) 00 o (1) a 02 (2) 01 @)

Al o 1, oM 1w o oMo o Ip
©) (1) @

0 0 Ly 0 Ly O ly O O

(133)
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()
In each of the 12 x 12 matrices A, r =0,1,2 the triplets of 4 x 4
(r=s)
matrices L,; are obtained from the standard classical Lorentz
(n
boosts by using the definition (122), i.e. each A-matrix depends
exclusively on three parameters defining three independent
classical Lorentz boosts.
One can show that our matrices display the following Z;-graded
multiplication rules:

© 0 0 @O 0O ) @ (r) (r+2)
AN-NCAN, ANANC AN, N-ANC A, (134)

(r)
where N (r=0,1,2) denote the Z3-graded sectors of the full set
of 12 x 12 matrix Lorentz group which includes also the Z;-graded
O(3) spatial rotations.
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The multiplication rules (eq. 134) with the Z;-graded structure

()
can be described in a compact way using the bold-face symbols A

as follows:

(r) (s) (r+s)ls
A-NC AN | with r;s,..=0,1,2, (r+ s) taken modulo 3.

(135)
The construction of Z3-graded O(3) rotations completing the

(n
Z3-graded boosts A is a follows.
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Let us denote by R; the usual space rotation around the /-th axis,
represented as a 3 x 3 matrix. When incorporated into the
four-vector representation of the Lorentz group, it becomes a
sub-matrix of a 4 x 4 Lorentzian matrix according to the formula
(0) 1 0
R =

0 R
Z3-graded boosts (133) are constructed as the following 12 x 12
matrices:

(0) © @ . O @ 0)
Ri=lb®R;, Ri=Q®R, Ri=QaR, (136)

. The Zs;-graded space rotations supplementing the

where the choice of the colour generators Q) and Qs is consistent
with the initial definition of the colour Dirac equations.
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The Zz-graded infinitesimal generators of the Lorentz boosts can
r)
be obtained by considering the matrices A with infinitesimal boost

parameters what amounts to the replacements of the entries shu
by 1, and of all other entries, chu and 1 alike, by 0, i.e. taking the
differential. The resulting 12 x 12 matrices are the Lie algebra
generators of the generalized Lorentz boosts, which we shall

(r)

denote as K;, r =0,1,2. By taking their commutators we obtain
the Zs;-graded generators of space rotations (r + s) modulo 3):

(r) (s) (r+s)
[Ki, Kj] = —e€jjic Ik (137)
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In this way we obtained the full set of generators of the Z3;-graded
Lorentz algebra which satisfy the following commutation relations:
O 90 | e 72, [ K e, 5

138

(K K | =i ).

which were firstly introduced and studied in: R. Kerner and J.
Lukierski, Physics Letters B (2019)
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()
Let us consider 12 x 12 component matrices A as 3 x 3 matrices
(1)
with their matrix entries represented by 4 x 4 blocks L, (see

(128))

(0)
The matrices A are Hermitean by virtue of formula (125), while
1) (2) _ (2 1)
(A)T = A or equivalently, (A)T = A (see formula 131).
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©0) @
The group structure of 12 x 12 matrices A = (A, A, A) is

preserved under the similarity transformations,
A= A=UNIT, (139)

but the above Hermitean properties of A-matrices are conserved
only if the transformation matrices are unitary. The proof is
immediate: let us denote by &/ = U® 1, a 12 x 12 matrix where U
is a 3 x 3 complex valued matrix by the unit 4 x 4 matrix 1, and
denote Ut = UT @1,.
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0 (0)
Consider A — U AU~ and impose the Hermiticity conditions on
(0) 0
the transformed matrices { Al{~1. The matrix A being Hermitean,
we get

© N\ of ©
UNU =UHNU =UNUT (140)

(0)
The matrix U/ AUU~! is Hermitean as well if the similarity matrices
U are unitary, i.e. if UT = U™, according to the formula U/ = U 21,

it follows that Ut = U~!. If the similarity matrices are unitary, the
1) )
Hermitean conjugation relations between the matrices A and A

are also preserved.
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In this way we introduced the symmetry SU(3) acting on the
vector representation of the Z3;-graded Lorentz group. The 3 x 3
matrices U appearing in the 12 x 12 matrices U/ during the unitary
similarity transformations leave the 4 x 4 Lorentzian blocks
unaffected, in agreement with the well known “no-go theorems”
by Coleman and Mandula and O’Raifeartaigh.
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» In order to obtain the entire Z3-graded Lorentz group we
should add as well the Z3;-graded extension of space rotations,
also represented as 12 x 12 matrices, given by 3 x 3 matrices
with 4 x 4-dimensional entries, as the Z3-graded boosts.
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» In order to obtain the entire Z3-graded Lorentz group we
should add as well the Z3;-graded extension of space rotations,
also represented as 12 x 12 matrices, given by 3 x 3 matrices
with 4 x 4-dimensional entries, as the Z3-graded boosts.

P> As in the case of Lorentz boosts, besides the rotations that
leave the transformed 3-momentum in the same sector, one
gets also 12 x 12 matrices with non diagonal 4 x 4 entries
(136), which map one of the Z;-graded sector onto another
one.
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» In order to obtain the entire Z3-graded Lorentz group we
should add as well the Z3;-graded extension of space rotations,
also represented as 12 x 12 matrices, given by 3 x 3 matrices
with 4 x 4-dimensional entries, as the Z3-graded boosts.

> As in the case of Lorentz boosts, besides the rotations that
leave the transformed 3-momentum in the same sector, one
gets also 12 x 12 matrices with non diagonal 4 x 4 entries
(136), which map one of the Z;-graded sector onto another
one.

> We conclude that the full set of Z;-graded O(3) subgroup
elements can be represented by 12 x 12 matrices and
incorporated in the Z3-graded Lorentz group.
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The Zs-graded Lorentz group should also act on the coloured Dirac
spinors through certain linear action, which should be realized as a
generalized spinorial representatopn..

Such construction was introduced in our most recent publication:

R. Kerner and J. Lukierski, Internal quark symmetries and colour SU(3)
entangled with Zs-graded orentz algebra, Nuclear Physics B, Vol. 972,
(November 2021), 115529

which we shall briefly present in what follows.
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What we want to find is a set of 12 x 12 matrices J,-(r), and
Kj('), i,j..=0,1,2 satisfying the same Zs;-graded commutation
relations as their vectorial counterparts:

[J,-(r), J,Es)] Zeik/J,(r+s), [J,-(r), K,ES)} =€kl K,(r+s),

(141)
(K, K | =i ).
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The spinor representation of the zeroth sector L(9) of the
Z3-graded Lorentz algebra is obtained in a simplest possible
manner, by tensorising the spinorial generators of the usual
representation on Dirac spinors by the unit 3 x 3 matrix:

; 1
SO =—hoheo, K'=-honoe o (142)

satisfying classical Lorentz algebra commutation relations:
0 0 0 0 0 0
{J,-( ),J,(( )}:Giklj/( ) [J,( ) K,E )]Zeik/K,( :

(143)
(K, k=€ .
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The two extra Lorentz sectors, L) and L | are constructed as
the following 12 x 12 matrices:

]

; 1
J,(I) = —é Qehoo, K= -3 Qs®o1 o (144)

i 1
J,.(Z):—é Q:J,[ Rp ® oj, K,(nz):—i Q;r®0'1®0m- (145)
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Let us recall once more the notation /4, A=1,2,...8, with

h=Q, h=Qnh=@, b=0Ql, k=Ql, ls=Q}, =B, lg = Bf

(146)
We can also add /y =1k. The Hermitean conjugation
If (A=1,2,..,8):
I =(Q, @l Qi Bf, By=1 147
A_(Ql’ Q27 Q37 Q17 QZ? Q37 9 )_ AT ( )

which provides the following permutation of indices A — Af:

A=(1,2,3,4,5,6,7,8) = Al = (4,5,6,1,2,3,8,7).  (148)
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The formulae (143), (144) and (145) describe the spinorial
realization of the Lie algebra £ which is implied by the initial

choice of matrices '*. Let us introduce a unified notation
englobing all possible choices of [*-matrices (A # B)

F?A;a) =Ih®0q®0°, réB;ﬁ) =Ilg® (iog) ® o', (149)

where Iy =15, 14 with A =1,2,...,8 colormagenta are given in (74),
and o, =2,3but {04, og}+ =0 i.e. we always have either
a=2,=30r a=3,=2.

The choice « =1 is not present in the formula (149) because it is
reserved for the description of symmetry generators £ ( (144),
(145)). Further, eight colour 3 x 3 matrices 4 (A=1,2,...8)
span the ternary basis of the SU(3) algebra.
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» The characteristic feature of “colour” I'-matrices is that the
3 X 3 matrices /4 appearing as the first tensorial factors in
(149) are different for temporal and spatial components of the
matrix-valued 4-vector I'#. We see that the choice of the
colour factor in (149) depends on two sets of values of the
four-vector index: =0 or =i, i=1,2,3. This property
can be interpreted as the entanglement of colour and Lorentz
symmetry degrees of freedom.
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» The characteristic feature of “colour” I'-matrices is that the
3 X 3 matrices /4 appearing as the first tensorial factors in
(149) are different for temporal and spatial components of the
matrix-valued 4-vector I'#. We see that the choice of the
colour factor in (149) depends on two sets of values of the
four-vector index: =0 or =i, i=1,2,3. This property
can be interpreted as the entanglement of colour and Lorentz
symmetry degrees of freedom.

» In the notation (150) basic -matrices appearing in the first
version of the colour Dirac equation can be denoted as

r(()8,3) = B' @ g3 @1y, rég;z) =@ (io))®o’.  (150)
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P In order to get a closed formula for the adjoint action
SOr#[S@]-1 of classical spinorial Lorentz group, where
a' bk, (i,k =1,2,3) are the six real SL(2,C) Lie group
parameters

50 — exp (a"K,(O) + ka£°)) (151)
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P In order to get a closed formula for the adjoint action
SOr#[S@]-1 of classical spinorial Lorentz group, where
a' bk, (i,k =1,2,3) are the six real SL(2,C) Lie group
parameters

50 — exp (a"K,(O) + ka£°)) (151)

» we should introduce the following pairs of '*-matrices
M= ( éA;2)’ r?B;3)) and = ( éB;Z)’ r(()A;3))7 (152)

where we have chosen . =3 and g = 2.
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Although for any choice of the first factor /4 in I'fA;a)'s we have

0 k 0
[ 1( ) rJ(A )] = GUkr(A;a), |:J,( ) r(A a):| =0, (153)
the boosts K,-(O) act covariantly only on doublets (I'“7 f“), with

(A # B), because only for such a choice we can get the closure of
commutation relations:

0 i i 0 i
(K, Tz = 8 Wy K M) = Mgy,

(K T ) = 8 Mgy, K T0pg)] = Ty (154)
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It follows from (153), (154) that the standard Lorentz covariance
requires the pair of coloured Dirac equations described by the
doublet (T*, T*) of coloured Dirac matrices, which we shall call
“Lorentz doublets”. In particular, the '* matrices should be
supplemented by the following Lorentz doublet partner:

=Tl = Q@eoscl, =T, =B (in)cd. (155)
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» The Lorentz doublets of *-matrices required by the standard
Lorentz covariance can be used for the description of weak

isospin (flavour) doublets of the SU(2) x U(1) electroweak
symmetry.
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» The Lorentz doublets of *-matrices required by the standard
Lorentz covariance can be used for the description of weak
isospin (flavour) doublets of the SU(2) x U(1) electroweak
symmetry.

» In such a way one can show that the internal symmetries
SU(3) x SU(2) x U(1) of Standard Model are linked with the
presence of standard Lorentz covariance which generates
three 24-component Lorentz doublets of colour Dirac spinors.
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» By calculating the multicommutators of (J,.(l), K,(l)) e LM
with the set Ff‘a), (a=1,2...6), we will show that the following
sextet of -matrices which break the Lorentz covariance is
closed under the action of L) :
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» By calculating the multicommutators of (J,.(l)7 K,(l)) e LM
with the set Ff‘a), (a=1,2...6), we will show that the following
sextet of -matrices which break the Lorentz covariance is
closed under the action of L) :

r?l) - (r?8:3)’ é2;2)) ; r?4) = (r(()8;2)7 réz;s)) '
@~ (l_?2:2)7 64;3)> D Ty = <r?2;3)7 rf4;2)) ; (156)
rH

3) (r?4;3)v rés;z)) ; rét6) = (r(()4;2)7 r€8;3)) :
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It is easy to see that from the six components of the sextet (156)
one can construct as well the set of six *-matrices
Ff‘A_a), A=24,8 and o = 2,3, which can be described as well as

three Lorentz doublets (152) , with (A, B) = (2,8),(2,4) and (4,8)..
More explicitly,

(r?A;a) = 1h® 00 @1, gy = s @ (i05) ® o—") ., (157)
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Standard Quark content reproduced

The bottom line is:

imposing the Z3;-graded Lorentz invariance on the initial

12 — component generalized Dirac spinor describing a coloured
quark state and on the corresponding coloured Dirac equation
generates a set of six equivalent representations of this equation.

The set of six coloured spinors which splits naturally into three
“Lorentz doublets” describes the set of three families
(generations) with two flavours each.

According to this model, leptons can be considered as “colourless
quarks” .
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Figure: Three quark generations with two flavours each, and three types
of leptons with their neutrinos.
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A Z;-graded analog of Pauli’s exclusion principle and the Z3;-graded
Dirac’s equation were introduced in our papers in 2017, 2018, 2019.

R. Kerner, Ternary generalization of Pauli’s principle and the Zs-graded
algebras, Physics of Atomic Nuclei, 80 (3), pp. 529-531 (2017).

R. Kerner, Ternary Z, X Z3 graded algebras and ternary Dirac equation,
Physics of Atomic Nuclei 81 (6), pp. 871-889 (2018),

R. Kerner, The Quantum nature of Lorentz invariance, Universe, 5 (1),
p.1, (2019).

R. Kerner and J. Lukierski, Z3-graded colour Dirac equation for
quarks, confinementt and generalized Lorentz symmetries, Phys. Letters
B, Vol. 792, pp. 233-237 (2019),

R. Kerner and J. Lukierski, Internal quark symmetries and colour
SU(3) entangled with Z3-graded orentz algebra, Nuclear Physics B, Vol.

972, (November 2021), 115529
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